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Action, symplecticity, signature and complex instability are fundamental concepts in
Hamiltonian dynamics which can be characterized in terms of the symplectic struc-
ture. In this paper, Hamiltonian PDEs on unbounded domains are characterized in
terms of a multisymplectic structure where a distinct dierential two-form is assigned
to each space direction and time. This leads to a new geometric formulation of the
conservation of wave action for linear and nonlinear Hamiltonian PDEs, and, via
Stokes’s theorem, a conservation law for symplecticity. Each symplectic structure is
used to dene a signature invariant on the eigenspace of a normal mode. The rst
invariant in this family is classical Krein signature (or energy sign, when the energy
is time independent) and the other (spatial) signatures are energy flux signs, leading
to a classication of instabilities that includes information about directional spatial
spreading of an instability. The theory is applied to several examples: the Boussinesq
equation, the water-wave equations linearized about an arbitrary Stokes’s wave, ro-
tating shallow water flow and flow past a compliant surface. Some implications for
non-conservative systems are also discussed.
1. Introduction
Action, symplecticity and signature are fundamental concepts in the theory of Hamil-
tonian systems. For nite-dimensional autonomous Hamiltonian systems with canon-
ical coordinates (q; p) 2 R2n, action conservation states that
d
dt
I
p  dq = 0; (1.1)
where the integral is over any smooth closed curve in the phase space, when every
point on the loop varies according to the flow of the Hamiltonian vectoreld (Arnold
1989, x44). In fact this conservation law can be interpreted as assuring, via Stokes’s
theorem, symplecticity of the flow. Parametrizing the closed curve by  2 S1 and
letting Z = (q; p) 2 R2n, (1.1) is equivalent to
d
dt
I
S1
1
2Ω(Z; Z) d = 0; (1.2)
where
Ω(U; V ) def= hJU; V i with J =
 
0 −In
In 0
!
: (1.3)
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The inner product h ; i is the standard inner product on R2n. Equation (1.2) connects
action conservation to the symplectic structure and is the preferred form for action
conservation because it is in terms of a restriction of the symplectic form and does
not require the canonical representation for the symplectic operator.
The concept of signature and positive and negative energy modes goes back to
work of Weierstrass, Rayleigh and Thompson & Tait. The precise formulation seems
to be due to Williamson (1936) and Krein (1950). In addition to establishing the
connection between signature and instability (i.e. collision of modes of opposite sig-
nature is a necessary condition for complex instability), an important consequence
of Krein’s work was a signature for linear Hamiltonian systems with periodic coef-
cients, where the energy sign is time dependent. In other words, the use of energy
sign is of limited use whereas the concept of signature generalizes to the case of
non-constant coecients. Consider the linear Hamiltonian system
JZt = A(t)Z; Z 2 R2n; (1.4)
where J is the canonical symplectic operator in (1.3), andA(t) is T -periodic. Suppose
(1.4) has a simple normal-mode (or Floquet-type) solution Z(t) = 2 Re(z(t)ei!t),
where z 2 C, ! 2 R and (t) is T -periodic. Then Krein denes the signature as
" =
1
2i
Ω(; ): (1.5)
The function (t) can be scaled so that " = 1. The importance of (1.5) is twofold:
even though A(t) and (t) are T -periodic, the symplectic form on the eigenspace,
Ω(; ), is independent of t. Secondly, Krein shows that, in addition to signature being
a symplectic invariant, collision of modes of opposite Krein signature is necessary
for complex instability. Note that the energy, dened as 12hZ;A(t)Zi, in (1.4) is
t-dependent.
In this paper the geometric denition of action, symplecticity and signature are
extended to Hamiltonian PDEs on unbounded domains. Crucial to the above ge-
ometry is the dierential two-form Ω ; therefore a family of dierential two-forms is
introduced, one for each space dimension and time, and a phase space on which the
dierential two-forms, and the concept of a loop space, are well-dened.
The generalization of action conservation to wave propagation in conservative sys-
tems leads to the conservation of wave action. Wave-action conservation was rst
introduced by Whitham (1965, 1974) and Hayes (1970) with further generalizations
by Andrews & McIntyre (1978) (see Grimshaw (1984) for a review with further
references). However wave-action conservation has been historically developed in a
Lagrangian setting: action and action flux are dened in terms of ensemble averages
of functionals without any geometric structure. However, in a suitably-dened Hamil-
tonian setting, action and action flux can be interpreted as one forms, equivalently,
restricted two-forms. With this viewpoint, it is possible to extend the geometric form
of action conservation (1.2) to Hamiltonian PDEs.
In this paper we present a new formulation of the conservation of wave action by
introducing a distinct symplectic operator for each space direction and time. Linear
Hamiltonian PDEs in one space dimension are reformulated as
MZt +KZx = AZ; Z 2 H; (1.6)
where M and K are skew-symmetric operators, A is symmetric and H is a lin-
ear space. For some PDEs, the phase space H may even be nite dimensional. For
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example consider the PDE
utt + 2muxt + uxx − 2u = 0; (1.7)
where m and  are parameters,  = 1 and m satises m2 −  > 0. Equation (1.7)
can be written in the form (1.6) by taking Z = (u; v; w) with v = ut and w = ux
in which case the phase space H is R3 (see equations (4.1){(4.5) in x4 for further
details of this example).
The formulation (1.6) is a natural form for the study of Hamiltonian wave propa-
gation on unbounded domains. The operators M and K are pre-symplectic (closed
as dierential forms but may have non-trivial kernel). But restriction of M to the
complement of the kernel of M on H generates one symplectic structure and restric-
tion of K to the complement of the kernel of K on H generates a second symplectic
structure. Therefore we refer to the formulation (1.6) (and nonlinear analogues) as
Hamiltonian systems on a multisymplectic structure (Bridges 1996, 1997). The non-
linear analogue of (1.6) is obtained by replacing AZ by the gradient of a functional.
General properties of multisymplectic structures are developed in Bridges (1997), and
the formalism is used to prove the instability criterion predicted by the Whitham
modulation equations. In Bridges (1996) the multisymplectic theory is used to for-
mulate instability criteria for multiperiodic patterns on the ocean surface.
In x3 we show that a geometric formulation of the conservation of wave action
which generalizes (1.2) is
@
@t
I
S1
Ω (1)(Z; Z) d +
@
@x
I
S1
Ω (2)(Z; Z) d = 0; (1.8)
where
Ω (1)(U; V ) = hMU; V i; Ω (2)(U; V ) = hKU; V i;
and h ; i is an inner product on the phase space H. The integrals in (1.8) are over
a smooth closed curve in the phase space H and the two dierential two-forms are
restricted to the tangent space of a loop in the phase space H.
Let D be any smooth two manifold in H spanning the loop in (1.8). The loop
integrals in (1.8) are then equivalent, via Stokes’s theorem, to integrals of the dif-
ferential two-forms Ω (1) and Ω (2) over D  H. Therefore the geometric formulation
(1.8) can be interpreted as a conservation law for symplecticity. Extension of (1.8)
to higher space dimension and the implications for linear and nonlinear systems of
the geometric formulation of wave action conservation are considered in x3. Cases
where the theory extends to non-conservative systems, including the Navier{Stokes
equations, are also considered.
With an independent two-form for each space dimension and time it is natural to
attach a sign to each two-form restricted to a simple normal mode. But what is the
relevance of signature for the spatial symplectic structures? The distinction between
a temporal signature and a spatial signature can be seen with the example (1.7).
Restrict (1.7) to spatially periodic functions with wavelength L = 2=k, where k
is some given positive real parameter. Then a single mode approximation is
u(x; t) = q1(t) cos kx+ q2(t) sin kx; (1.9)
where q1; q2 satisfy
q¨1 + 2mk _q2 − (2+ k2)q1 = 0;
q¨2 − 2mk _q1 − (2+ k2)q2 = 0:
)
(1.10)
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To formulate (1.10) as a Hamiltonian system, let p1 = _q1 +mkq2 and p2 = _q1−mkq2;
then (1.10) becomes
JZt = AZ; Z =
 
q
p
!
2 R4; (1.11)
where J is the canonical symplectic operator on R4 (cf. (1.3)) and
A =
 
[(m2 − )k2 − 2]I2 −mkJ2
mkJ2 I2
!
;
I2, J2 are the identity and standard symplectic operator, respectively, on R2.
Suppose k is xed and m2− > 0; then the linear equation (1.11) has a collision of
pure imaginary (temporal) exponents of opposite signature when  = 12(m
2 − )k2.
When − 12k2 <  < 12(m2 − )k2, the temporal exponents are pure imaginary and
therefore the signature associated with the J -symplectic structure can be dened by
"1 =
1
2i
Ω (1)(; ); with  satisfying A = i!J;
where Ω (1)( ; ) = hJ  ; i and h ; i is the standard inner product on R4. It can also
be shown that "1 has the same sign as the energy for (1.7). An example in fluid
mechanics, the Kelvin{Helmholtz instability, is interpreted as a collision of modes
of opposite signature in Benjamin & Bridges (1997a; b) and the implications of this
structure as well as the Hamiltonian structure for the nonlinear problem are studied.
The complementary point of view is to consider (1.7) restricted to a space of time-
periodic functions with period T = 2=!, with ! taken to be real and positive. Then
a single-mode approximation is
u(x; t) = q1(x) cos!t+ q2(x) sin!t; (1.12)
and q1; q2 satisfy
q¨1 + 2m! _q2 − (2+ !2)q1 = 0; q¨2 − 2m! _q1 − (2+ !2)q2 = 0; (1.13)
where the dots now correspond to dierentiation with respect to x. A Hamiltonian
formulation of (1.13) is obtained by taking p1 = _q1 + m!q2 and p2 = _q1 − m!q1
leading to
KZx = A^Z; Z =
 
q
p
!
2 R4; (1.14)
with
K =
 
0 −I2
I2 0
!
and A^ =
 
[(m2 − )!2 − 2]I2 −m!J2
m!J2 I2
!
:
Even though K = J a dierent symbol is used to indicate that K is a symplectic
operator corresponding to the x-direction.
Suppose ! is xed, m2 −  > 0 and  = −1; then the linear equation (1.14)
has a collision of pure imaginary (spatial) exponents of opposite signature when
 = 12(m
2−)!2. When −12(m2 +1)!2 <  < − 12!2; the spatial exponents are pure
imaginary and therefore the signature associated with the K-symplectic structure is
dened by
"2 =
1
2i
Ω (2)(; ); where A^ = ikK:
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Here the symplectic form is dened by Ω (2)( ; ) = hK ; i. It can also be shown
that "2 has the same sign as the energy flux for (1.7) (cf. x4). An example in fluid
mechanics which has a collision of spatial exponents of opposite signature is the
interfacial wave problem linearized about the trivial state when the phase and group
velocities are equal (cf. Bridges et al. (1995) where the nonlinear problem near this
point is also investigated).
While the temporal signature provides information about the collision of pure
imaginary (temporal) exponents, spatial signature provides information about the
collision of pure imaginary (spatial) exponents. Temporal signature can be associated
with the sign of energy (when it is time independent), and in x4 it is shown that
spatial signatures have the same sign as the energy flux (when it is well dened on the
eigenspace of a normal mode). By dening a given Hamiltonian system a priori on a
multisymplectic structure, a signature family is dened for normal modes. In addition
to the importance of spatial signature for tracking collisions of spatial exponents, it
is shown in x4 that it also provides information about spatial spreading of temporal
instabilities.
For constant basic states, when the energy is time-independent, signature is equiv-
alent to energy sign and the implications for wave propagation of negative-energy
waves have been well studied (cf. Sturrock 1960; Cairns 1979; Craik & Adam 1979;
Hayashi & Young 1987; Thomas & Craik 1988 and references therein).
For non-constant basic states; in particular, the water-wave equations linearized
about a Stokes’s travelling wave, MacKay & Saman (1986) dened a signature to
classify normal modes and found a new complex superharmonic instability. The sig-
nature was dened using the Zakharov (1968) Hamiltonian formulation for water
waves and MacKay & Saman show that, by going to a moving frame relative to
which the Stokes’s wave is time independent, the signature is equivalent to an energy
sign. This theory has also been applied to classify modes for large-amplitude capil-
lary waves (Hogan 1988) and superharmonic instability of three-dimensional waves
(Ioualalen & Kharif 1993). Dysthe et al. (1988) and Henyey et al. (1988) discuss the
relation between energy and action for water waves.
In x5 of the present paper the water-wave equations are reformulated as a Hamil-
tonian system on a multisymplectic structure and a signature family for the lineariza-
tion about a Stokes’s travelling wave is dened, leading to a second (and third for
two (horizontal) space dimensions) signature invariant for classifying instabilities of
nite-amplitude water waves.
Two further examples are considered in x6. In the rst example, the results of
Hayashi & Young (1987)|where energetics were used as an organizing centre for
analysing instabilities|are interpreted in terms of the signature family of x4. Here a
new Hamiltonian formulation for rotating shallow-water flow is used as an organizing
centre. Flow past a flexible wall is known to have many types of instabilities; a review
with many references is Carpenter (1990). In the second example of x6, an indication
is given of how the theory of x4 applies to an inviscid model due to Thomas & Craik
(1988). This analysis is also based on a new (multi)symplectic formulation of the
water-wave equations coupled to a flexible wall.
2. Action and signature for Hamiltonian ODEs
Before proceeding to the case of Hamiltonian PDEs, the concepts of action and
signature for nite-dimensional Hamiltonian systems are recalled and the aspects
that generalize to the case of PDEs are highlighted.
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Consider a nite-dimensional autonomous Hamiltonian system (M;Ω ; H). For
simplicity we take M = R2n throughout this section with coordinates Z = (q; p) 2
R2n and the standard symplectic form Ω =
Pn
i=1 dpi^dqi. The Hamiltonian function
H :M! R is assumed to be smooth (at least twice continuously dierentiable). On
the tangent space to M the symplectic form is given by
Ω(U; V ) def= hJU; V i; where J =
 
0 −In
In 0
!
; (2.1)
h ; i is the standard Euclidean inner product on R2n and In is the identity on Rn.
The vectoreld XH for the system is dened by Ω(XH ; ) = hrH(Z); i for all
 2 R2n or
JZt = rH(Z); Z(t)jt=to = Zo 2M: (2.2)
Action conservation for (2.2) is dened on the loop space of M. Consider a col-
lection of points in M that form a continuous closed loop denoted by Zo : S1 !M
and parametrized by  2 S1:
Zo( + 2) = Zo(); 8 2 S1:
The tangent space to a loop at each  2 S1 is spanned by fZo0()g. The curve Zo()
is assumed to be smooth (at least twice continuously dierentiable).
It follows from standard results on the existence of solutions of ordinary dierential
equations (ODEs) that, for each point Zo() on the loop, considered as an initial
condition for (2.2), there is, at least locally, a well-dened flow Z(t; ) def= (t; to)
with
J
@
@t
(t; to) = rH((t; to)) and (to; to) = Zo() (2.3)
(the partial derivative @t is an acknowledgment that (t; to) also depends on ).
Moreover, since H(Z) and Zo() are at least twice continuously dierentiable, it
follows from standard results for ODEs that (t; to) depends smoothly on the initial
data and therefore, at least locally, Z(t; ) sweeps out a cylinder in the phase space
M.
For any xed t, with jt − toj suciently small, dene the action density at any
point on the loop by
A(t; ) = 12Ω(Z(t; ); Z(t; )) = 12hJZ(t; ); Z(t; )i: (2.4)
Then clearly
@tA(t; ) = 12hJZt; Zi+ 12hJZ; Zti
= @( 12hJZt; Zi) + Ω(Z; Zt):
However, since Z(; t) = (t; to) satises (2.3) we have
Ω(Z; Zt) = hJZ; Zti = −hZ;JZti = −hZ;rH(Z)i = −@H
@
;
and so
@A
@t
+
@
@
fH(Z)− 12Ω(Zt; Z)g = 0; (2.5)
a conservation equation for action on the loop space of M. Since Z, Zt and H are
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periodic in  it follows that
d
dt
I
S1
A(t; ) d = d
dt
I
S1
1
2Ω(Z; Z) d = 0: (2.6 a)
Letting Z = (q; p) 2 R2n, the integral in (2.6 a) can also be writtenI
S1
1
2Ω(Z; Z) d =
I
S1
1
2hJZ; Zi d =
I
S1
1
2(p  q − q  p) d =
I
p  dq;
and so (2.6 a) has the equivalent form
d
dt
I
p  dq = 0: (2.6 b)
The classical proof of action conservation including its generalization to time-
dependent vectorelds (conservation of the Poincare{Cartan one form) and more
general classes of symplectic manifolds can be found in Arnold (1989) and an his-
torical account in the appendix of Dysthe et al. (1988). The geometric proof of
action conservation is also reminiscent of the proof of Kelvin’s circulation theorem
(cf. Batchelor 1967, p. 269).
Let D be any smooth two manifold in M with a loop as boundary. Then, via
Stokes’s theorem, I
p  dq =
Z
D
nX
j=1
dpj ^ dqj ;
in which case, (2.6) can be interpreted as proving that the flow of (2.2) is a symplectic
dieomorphism. Although M is taken to be R2n in this section, action conservation
holds on any symplectic manifold for which the loop space is well dened: classica-
tion of such manifolds reduces to a question of topology of the manifold.
An important property of ODEs, that makes the proof of action conservation go
through in a straightforward manner, is continuous dependence on the initial data;
a property that does not extend in general to PDEs. Note also that invertibility of
J is never used in the proof.
The action conservation law is for a collection of trajectories. There is no implica-
tion in (2.6) that the flow (t; to) is periodic. However, periodic flow is an interesting
and important special case. When the flow is periodic,  = !t + o, and then the
periodic orbit is a relative equilibrium on the loop space with
H
p dq playing the role
of momentum map (cf. Weinstein 1978; Van Groesen 1992; Bates & Sniatycki 1992).
That is, periodic orbits correspond to critical points of the energy on level sets of
the action with !, the frequency, a Lagrange multiplier.
Action conservation is central to the theory of adiabatic invariants and sys-
tems with nearly periodic trajectories (Kruskal 1962). MacKay & Meiss (1986) and
MacKay (1990) have proved that dierences in action between homotopic loops cor-
respond to flux and can be used to quantify phase space transport. Van Groesen
(1992) has generalized action conservation to the case of toral subsets of the phase
space and formally characterized quasi-periodic motions as relative equilibria on
these geometric tori.
For the system (2.2), linearized about any solution of (2.2), there is another form
of the conservation of action. Let Z^(t) be any solution of (2.2) and let Z(t) and W (t)
be any two solutions of
JZt = A(t)Z; where A(t) = D2H(Z^(t)): (2.7 a)
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Then
d
dt
Ω(Z;W ) = 0: (2.7 b)
In contrast to (2.6), integration is not necessary in this case, but, the conservation
law (2.7 b) applies only to the linearized equation.
For nite-dimensional linear Hamiltonian systems with constant coecients (or
time-periodic coecients) with purely imaginary eigenvalues (respectively unit mod-
ulus eigenvalues when the coecients are time-periodic) the signature of the eigen-
value is a symplectic invariant. The history of this subject goes back to the work of
Weierstrass, Rayleigh and Thompson & Tait. The rigorous foundation of the subject
seems to be due to Williamson (1936) and Krein (1950). Williamson developed a
normal form theory for linear Hamiltonian systems and found that certain signs in
the normal forms could not be symplectically transformed away, and Krein estab-
lished the important connection between signature and instability (see Yakubovich
& Starzhinskii (1975) for a comprehensive treatment of the Krein theory).
Signature can be interpreted algebraically or geometrically. For the algebraic in-
terpretation consider the following linear system
Ut = BU; where U 2 R2n; n > 1; (2.8)
and B is a general 2n  2n matrix with real-valued entries. Suppose i!, ! real
and positive, is a simple eigenvalue of B and so (2.8) has a solution of the form
U(t) = 2 Re(zei!t), z 2 C, with  satisfying
B = i!: (2.9 a)
Since B is not in general symmetric there is an adjoint eigenvector  2 C2n satisfying
BT = −i!: (2.9 b)
The eigenvectors  and  can be scaled so that
h; iC = 1; where h; iC = h; iR =
2nX
j=1
jj ; (2.10)
where the overbar denotes complex conjugation.
Suppose that (2.8) has a Hamiltonian structure; that is
B = −JA; (2.11)
where J is the unit symplectic operator in (2.1) andA is symmetric. ThenBT = AJ
and in this case (2.9 a) and (2.9 b) become
−JA = i! and AJ = −i!; or  = J:
Therefore an attempt at normalization as in (2.10) will fail since
h; iC = hJ; iC 2 iR:
The magnitude of the inner product h;JiC can be scaled but not the sign. Therefore
the symplectic structure gives rise to a sign invariant;  can be scaled so that
Ω(; ) = hJ; iC = 2i"; with " = 1; (2.12)
and " is called the signature of the simple pure imaginary eigenvalue i!.
By convention the sign can be changed by dening the inner product dierently.
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However, once the denition is xed the sign invariant of the eigenspace is xed.
The convention in (2.12) is chosen so that " has the same sign as the energy (or
Hamiltonian function) when A is independent of time. The energy for the linearized
Hamiltonian system (2.8), when B is as dened in (2.11), is E = 12hU;AUiR. There-
fore evaluating E at the mode associated with the pure imaginary eigenvalue i!
results in
E = 12hU;AUiR = 12hU;JUtiR (using (2.8) and (2.11))
= 12 i!hzei!t + ze−i!t;J(zei!t − ze−i!t)iR
= −i!jzj2hJ; iC = −i!(2i")jzj2 (using (2.12))
= 2!"jzj2;
and so sgn(E) = " when E is restricted to the mode associated with the eigenvalue
i!. The energy sign, instead of signature, is often used to classify modes or waves
(see, for example, Cairns 1979). However, the energy is no longer constant when A
depends periodically on t, but signature is still an invariant (see the last paragraph
of this section).
Geometrically, signature denes an orientation on the eigenspace. This can be
seen by considering a single mode,
JUt = AU; with U 2 R2 and J =
 
0 −1
1 0
!
; (2.13)
where A is a 2 2 symmetric matrix with positive determinant. Let ! = [det(A)]1=2
(! positive), then every solution of (2.13) is of the form U(t) = 2 Re(zei!t), z 2 C,
with A = i!J; the phase space R2 is foliated by circles. However, the direction of
angular rotation is determined by the signature. The signature in this case is given
by the sign of the trace of A. Denoting this sign by ", the rotation is clockwise if
" = +1 and counterclockwise if " = −1. This orientation is a symplectic invariant:
it remains unchanged under symplectic transformations of (2.13). Another way to
see this, which ties in with Williamson’s normal form theory, is to try to transform
(2.13) to standard form. Let N be a 2  2 symplectic matrix (NTJN = J), let
U = NV and multiply (2.13) by NT; the result is
JVt = NTANV:
IfN were an arbitrary invertible matrix then it could be chosen so thatNTAN = !I
with ! = (det(A))1=2. When N is symplectic, however, a sign enters:
NTAN = "!I; where " = sgn(Tr(A)) = sgnhU;AUi;
and so JVt = "!V with " determining the orientation of the rotation.
When the coecients depend periodically on t, namely
JZt = A(t)Z; Z 2 R2n; A(t+ T ) = A(t); (2.14)
the signature of a purely imaginary Floquet exponent is dened analogously. How-
ever, in this case it is important to note that the energy: 12hZ;A(t)Zi, is no
longer a constant in general, but, the Krein signature is still well dened. Suppose
(2.14) has a solution with a simple purely imaginary Floquet exponent of the form
Z(t) = Re(z(t)ei!t) where  is T -periodic. Then the signature " is dened by
2i" = Ω((t); (t)) = hJ(t); (t)i; (2.15)
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where the two-form is independent of t. The sign " in (2.15) is the Krein signature
of the eigenspace and collision of Floquet multipliers on the unit circle (other than
1) of opposite Krein signature is a necessary condition for complex instability.
3. Symplecticity, action and a phase space for Hamiltonian PDEs
The object in this section is to formulate Hamiltonian PDEs in such a way that
the geometric proof of conservation of action for ODEs in x2 extends to PDEs.
To set the ideas consider the following Hamiltonian PDE: a form of the Boussinesq
equations modelling shallow water dispersive waves (cf. Whitham 1974, p. 462),
ht + (uh)x = 0; ut + uux + ghx + 13h0hxtt = 0: (3.1)
This equation can be reformulated as a Hamiltonian system on a multisymplectic
structure as follows (cf. Bridges 1995). Let u = x, then the second equation of (3.1)
integrates to a Bernoulli equation,
t + 12
2
x + gh+
1
3h0htt = R(t); (3.2)
where R(t) is some function of time. Introduce the vector-valued set of variables
Z =
0BBBB@
h
q


1CCCCA ; with q = uh and  = ht:
Then (3.1) can be reformulated as the coupled system
t + 13h0t = R(t)− gh− 12q2=h2; x = q=h;
−13h0ht = −13h0; −ht − qx = 0;
or
MZt +KZx = rS(Z); Z 2M; (3.3)
where M, the phase space, is the subspace of R4 with rst component positive (i.e.
h > 0). The matrices M and K are skew-symmetric with explicit representation
M =
0BBBB@
0 0 13h0 1
0 0 0 0
− 13h0 0 0 0
−1 0 0 0
1CCCCA ; K =
0BBBB@
0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0
1CCCCA ; (3.4)
and the functional S(Z) is
S(Z) = R(t)h− 12gh2 + 12q2=h− 16h02; (3.5)
and rS(Z) is dened with respect to the standard inner product on R4.
There are several important features in the formulation (3.3). First, the phase
space M for the PDE is dened in a way that it is nite dimensional. The skew-
symmetric operators M and K, where skew symmetry is dened with respect to an
inner product on R4, control the x- and t-directions. The functional S(Z) depends
only on Z and not on derivatives with respect to x and t, and the gradient is dened
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with respect to an inner product on R4. The formulation (3.3) corresponds to a
Hamiltonian system on a multisymplectic structure (Bridges 1997). To be precise,
M and K dene pre-symplectic structures on M with pre-symplectic forms
Ω (1)(U; V ) = hMU; V i; Ω (2)(U; V ) = hKU; V i; (3.6)
for tangent vectors U; V 2 R4, where h ; i is the standard inner product on R4.
Restriction of Ω (1) to the complement of the kernel of M denes one rank-two
symplectic structure and restriction of Ω (2) to the complement of the kernel of K
denes a second rank-two symplectic structure. We will henceforth refer to the pair
as a bisymplectic structure or, more generally, a collection of pre-symplectic forms
on a manifold M as a multisymplectic structure.
A geometric formulation of the conservation of wave action can be given for general
systems in the abstract form (3.3) as follows. Consider any system of the form (3.3);
that is, where Z 2 M = H and H is a linear inner-product space, M and K are
arbitrary constant skew-symmetric operators (in general they can also depend on Z
as long as they still dene closed dierential two-forms but this will not be considered
here) and S :M! R is some functional.
Consider a collection of points inM that form a smooth closed loop, Z0 : S1 !M,
parametrized by : Z0(+ 2) = Z0(), for all  2 S1. As in x2 the tangent space to
this loop is spanned by fZ00()g. Dene the action density , A(x; t; ), and the action
flux density , B(x; t; ), on the loop space, by
A(x; t; ) = 12hMZ; Zi; B(x; t; ) = 12hKZ; Zi: (3.7)
Then dierentiation leads to
@tA(x; t; ) = 12hMZt; Zi+ 12hMZ; Zti = @( 12hMZt; Zi) + Ω (1)(Z; Zt); (3.8 a)
@xB(x; t; ) = 12hKZx; Zi+ 12hKZ; Zxi = @( 12hKZx; Zi) + Ω (2)(Z; Zx): (3.8 b)
But, a consequence of (3.3) is
@S(Z) = hrS(Z); Zi = hMZt +KZx; Zi
= Ω (1)(Zt; Z) + Ω (2)(Zx; Z);
(3.9)
Therefore, combining (3.7){(3.9), we arrive at conservation of wave action on the
loop space of M,
@
@t
Ω (1)(Z; Z) +
@
@x
Ω (2)(Z; Z) + 2
@
@
F(Z;Zt; Zx) = 0; (3.10)
where
F(Z;Zt; Zx) = S(Z)− 12Ω (1)(Zt; Z)− 12Ω (2)(Zx; Z);
a generalization of (2.5). Equation (3.10) is a (multi)symplectic formulation of equa-
tions (3) and (10) of Hayes (1970).
Integrating over a loop in M results in
@
@t
I
S1
Ω (1)(Z; Z) d +
@
@x
I
S1
Ω (2)(Z; Z) d = 0; (3.11 a)
and via Stokes’s theorem
@
@t
ZZ
D
Ω (1) +
@
@x
ZZ
D
Ω (2) = 0: (3.11 b)
Proc. R. Soc. Lond. A (1997)
1376 T. J. Bridges
Equation (3.11 a) is a geometric formulation of the conservation of wave action.
Action density and action flux density are one forms (equivalently restricted two-
forms) on the tangent space to a loop in M. Equation (3.11 b) is a conservation law
for symplecticity and generalizes the concept of a symplectic dieomorphism. Both
Ω (1) and Ω (2) are integrated over a compact two-manifold D, in (3.11 b), which spans
a loop. Equation (12) of Hayes (1970) can be recovered by averaging A and B in (3.7)
over a loop, but this algebraic denition lacks the useful geometric structure inherent
in (3.11 a) and (3.11 b).
For the Boussinesq equation the pair of dierential two-forms, (3.6), take the
explicit form Ω (j) = d(j) for j = 1; 2 where
(1) = 13h0hd + hd and 
(2) = qd:
In terms of the one forms, the conservation law (3.11 a), applied to the Boussinesq
equation, can be characterized in terms of loop integrals on the phase space
@
@t
I
(13h0hd + hd) +
@
@x
I
qd = 0;
generalizing the form (2.6 b). Conservation of symplecticity for the Boussinesq equa-
tion takes the form
@
@t
ZZ
D
( 13h0dh ^ d + dh ^ d) +
@
@x
ZZ
D
dq ^ d = 0;
where D is a two manifold with the loop as boundary.
Although there is a similarity between the conservation law (3.11 a) and the for-
mulation in the nite-dimensional case, there is an important distinction between
the conservation of action for Hamiltonian ODEs and conservation of wave action
for PDEs. In (3.11) there is a blanket hypothesis, not needed in the ODE case, that
there exists a solution of (3.3) in a neighbourhood of a loop in the phase space; that
is, continuous dependence on initial data. To see an extreme example consider the
following system:
MZt +KZx = rS(Z); Z 2 R3; (3.12 a)
with S(Z) = 12(v
2 + w2) + f(u),
Z =
0B@ uv
w
1CA ; M =
0B@ 0 −1 01 0 0
0 0 0
1CA ; and K =
0B@ 0 0 −10 0 0
1 0 0
1CA ; (3.12 b)
which is a reformulation of the semilinear Laplace equation: utt + uxx + f 0(u) = 0.
The above proof of conservation of wave action goes through for this system under
the hypothesis that solutions of (3.12) exist along an arbitrary loop in the phase
space. But this system is Hadamard ill-posed; indeed, the ill-posedness is precisely a
consequence of the fact that the solution depends discontinuously on the initial data
(cf. Garabedian 1964, p. 108). On the other hand there exist classes of solutions for
which wave-action conservation holds for (3.12). Take  = ax + bt and f 00(u) > 0,
then utt + uxx + f 0(u) = 0 reduces to an ODE with periodic solutions, which are
loops in the phase space (R3) for (3.12). Even when the system is ill-posed there may
exist solutions along a loop in the phase space. In other words, the geometric proof
of action conservation for ODEs in x2 extends to give a geometric proof of wave
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action conservation for PDEs but care must be exercised with regard to continuous
dependence on the initial data.
The above framework extends to systems with additional space dimensions by
adding a skew-symmetric operator for each additional space dimension. For the case
of two-space dimensions and time, the governing equations for a given Hamiltonian
PDE are taken to be in the following form:
MZt +KZx +LZy = rS(Z); Z 2 H; (3.13)
where M , K and L are skew-symmetric operators, and H is a linear (inner-product)
space. The derivation of such structures with several examples are given in Bridges
(1996, 1997). The dierential two-forms associated with the above structure are
dened as follows:
Ω (1)(U; V ) = hMU; V i
Ω (2)(U; V ) = hKU; V i
Ω (3)(U; V ) = hLU; V i
9>=>; U; V 2 H; (3.14)
where h ; i is an inner product on H. The generalization of (3.11 a) is then
@
@t
I
S1
Ω (1)(Z; Z) d +
@
@x
I
S1
Ω (2)(Z; Z) d +
@
@y
I
S1
Ω (3)(Z; Z) d = 0; (3.15)
where the integrals are over a smooth closed curve in H.
For the linearization of (3.3), about an arbitrary solution, there is another con-
servation law which is a variant of the conservation of action and it extends to the
non-conservative setting. Consider (3.3) linearized about a solution Z^(x; t),
MZt +KZx = A(x; t)Z; (3.16)
where A(x; t) = D2S(Z^(x; t)). Then, for any two solutions W and Z of (3.16) the
following conservation law holds:
@
@t
Ω (1)(Z;W ) +
@
@x
Ω (2)(Z;W ) = 0; (3.17)
a generalization of (2.7 b). This result follows since
@
@t
Ω (1)(Z;W ) = hMZt;W i+ hMZ;Wti;
@
@x
Ω (2)(Z;W ) = hKZx;W i+ hKZ;Wxi;
and so
@tΩ (1) + @xΩ (2) = hMZt +KZx;W i − hZ;MWt +KWxi
= hA(x; t)Z;W i − hZ;A(x; t)W i = 0;
since A(x; t) is symmetric. The conservation law (3.17) is a (multi)symplectic formu-
lation of equation (15) of Hayes (1970). The extension of (3.16){(3.17) to higher space
dimension is straightforward. Moreover, surprisingly, the generalization of (3.17) to
non-conservative systems is also straightforward. Dene the adjoint to (3.16) by
−MWt −KWx = A(x; t)W; (3.18)
assuming that M , K are general matrices (not necessarily skew symmetric) and
Proc. R. Soc. Lond. A (1997)
1378 T. J. Bridges
A(x; t) is a general matrix (not necessarily symmetric). The adjoint equation is
dened by taking the adjoint of M , K and A with respect to the inner product on
the phase space and then reflecting x! −x and t! −t. The generalization of (3.17)
is then
@
@t
hMZ;W i+ @
@x
hKZ;W i = 0; (3.19)
where now W is any solution of (3.18). If M and K are skew-symmetric and A(x; t)
is symmetric then (3.18) reduces to (3.16). The further generalization to higher space
dimension should be clear. For example, we show that the conservation law (3.19)
applies to the Navier{Stokes equations.
A form of ‘action’ conservation extends to the Navier{Stokes equations, linearized
about some basic state. The idea is illustrated here for the two-dimensional Navier{
Stokes equations on an innite strip, and the generalization to higher space dimension
will be clear. In non-dimensional form, with Reynold’s number R, velocity eld (u; v)
and pressure eld p, the incompressible Navier{Stokes equations take the form
ut + uux + vuy + px − (1=R)(uxx + uyy) = 0;
vt + uvx + vvy + py − (1=R)(vxx + vyy) = 0;
ux + vy = 0;
9>=>; (3.20)
in the strip y1 6 y 6 y2, x 2 R with u = v = 0 on the upper and lower edges of the
strip (Batchelor 1967). Let V = vx then the equations (3.20) can be formulated as a
rst-order system of PDEs,
MZt +KZx = F(Z); Z =
0BBBB@
u
v
V
p
1CCCCA ; (3.21)
with
M =
0BBBB@
0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
1CCCCA ; K =
0BBBB@
1 0 0 0
0 0 0 1
0 0 −(1=R) 0
0 1 0 0
1CCCCA ; (3.22 a)
and
F(Z) =
0BBBB@
−vy
uvy − vuy − (1=R)Vy + (1=R)uyy
−vvy − uV + (1=R)vyy − py
V
1CCCCA : (3.22 b)
For functions U; V of the form Z in (3.21) we dene an inner product
[U; V ] =
Z y2
y1
hU(y; ); V (y; )i dy;
with h ; i a standard inner product on R4.
Let Z^(x; y; t) be any solution of (3.21), and consider (3.21) linearized about Z^:
MZt +KZx = A(x; t)Z; where A(x; t) = DF(Z^(x; y; t)); (3.23)
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where the explicit dependence ofA(x; t) on y is suppressed. Dene the adjoint system
to (3.23) by
−MWt −KWx = A(x; t)W; (3.24)
the adjoint operators are dened using the inner product, [ ; ]. Any pair of solutions
Z of (3.23) and W of (3.24) satisfy the following conservation law:
@
@t
[W;MZ] +
@
@x
[W;KZ] = 0: (3.25)
We end this section by going back to the Boussinesq equation (3.1), in the frame-
work of equation (3.3), to illustrate the conservation law (3.17) in terms of dierential
forms. The dening dierential two-forms (associated with the operators M and K)
for the Boussinesq system are
Ω (1) = 13h0dh ^ d + dh ^ d; and Ω (2) = dq ^ d:
Let dZ = (dh;dq;d;d) be any solution of the system (3.3) linearized about a
particular basic state, say Z^(x; t). Then, for the Boussinesq system, (3.17) has the
equivalent form
@
@t
( 13h0dh ^ d + dh ^ d) +
@
@x
(dq ^ d) = 0; (3.26)
where dZ satises MdZt +KdZx = D2S(Z^(x; t))dZ.
4. Additional signature invariants for Hamiltonian PDEs
Reformulation of PDEs as Hamiltonian systems on a multisymplectic structure
generates a family of dierential two-forms. In this section we study the restriction
of each dierential two-form to the eigenspace of a normal mode. When the space
and time exponents are purely imaginary the restriction of each of the dierential
forms to the eigenspace generates a sign. The collection of such signs we call a
signature family for the normal mode. The rst sign in this family is the classical
Krein signature (or energy sign when the coecients are time independent) as in
x2. We show that the other signs provide information about the collision of spatial
exponents of opposite signature as well as the sign of energy flux and the directional
spreading of temporal instabilities.
To introduce the basic idea of a signature family and its connection with energy
and energy flux, we consider the following model equation:
utt + 2muxt + uxx − 2u = 0; (4.1)
where  is an arbitrary real parameter, m is a real parameter satisfying m2 >  and
 = 1. Letting v = ut and w = ux the system can be reformulated as
MZt +KZx = AZ; Z 2 H  R3; (4.2)
with
Z =
0B@ uv
w
1CA ; M =
0B@ 0 −1 −m1 0 0
m 0 0
1CA ; K =
0B@ 0 −m −m 0 0
 0 0
1CA ; (4.3)
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and
A =
0B@ −2 0 00 1 m
0 m 
1CA : (4.4)
The pair of dierential two-forms dening the structure of (4.2) are
Ω (1) = dv ^ du+mdw ^ du; Ω (2) = mdv ^ du+ dw ^ du; (4.5)
or on tangent vectors
Ω (1)(U; V ) = hMU; V i; and Ω (2)(U; V ) = hKU; V i: (4.6)
Note that (4.1) has the conservation law: @tΩ (1) + @xΩ (2) = 0, or
@
@t
(dut ^ du+mdux ^ du) + @
@x
(mdut ^ du+ dux ^ du) = 0;
a result which is not obvious from the formulation (4.1) but is immediate from the
decomposition (4.2) and (4.5) and the theory of x3.
A normal-mode ansatz: Z(x; t) = 2 Re(zei(kx+!t)), z 2 C, leads to the following
(multiparameter) eigenvalue problem for k, ! and :
[A− i!M − ikK] = 0;  2 C3; (4.7)
which is easily solved to nd the dispersion relation,
D(!; k) = det[A− i!M − ikK] = !2 + 2m!k + k2 + 2; (4.8)
and the eigenfunction
 =
1pj! +mkj
0B@ 1i!
ik
1CA ; ! +mk 6= 0: (4.9)
More generally we think of a normal mode as being of the form
Z(x; t) = 2 Re(zet+x); (; ) 2 C2; (4.10)
and when  = i! (! 2 R) and  = ik (k 2 R) we say that the spatial and temporal
exponents are pure imaginary. When  and  are pure imaginary we dene a signature
family for the normal mode.
Suppose ! and k are positive real numbers satisfying D(!; k) = 0 and dene
"1
def=
1
2i
Ω (1)(; ); and "2
def=
1
2i
Ω (2)(; ): (4.11)
For example, evaluation of "1 and "2 on the eigenfunction (4.9) results in
"1 = sgn(! +mk); and "2 =
(m! + k)
j! +mkj : (4.12)
The rst sign "1 is the classical signature (cf. x2). This can be seen by reformulating
(4.2) as a classical Hamiltonian system. Let
H(Z) =
Z x2
x1
[S(Z)− 12Ω (2)(Zx; Z)] dx; (4.13)
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where S(Z) = 12hZ;AZi. Then (4.2) can be transformed to
MZt = rH(Z); (4.14)
where the gradient of H is dened with respect to an inner product including in-
tegration over x. The system (4.14) is a classical Hamiltonian system with M the
(pre-)symplectic form (restriction of rH(Z) to the complement of the kernel of M
induces a symplectic structure). Therefore Ω (1), integrated over x, is the dierential
two-form for (4.14) and "1 is the classical signature. Even though the symplectic
form for (4.14) includes integration over x, the sign "1 in (4.12) is independent of x
because  in (4.7) is, for this class of normal modes, independent of x.
For the example (4.1), D(!; k) = 0 leads to
(! +mk)2 = (m2 − )k2 − 2 (m2 −  > 0): (4.15)
Therefore when (m2 − )k2 > 2 the two solutions of (4.15) are of opposite "1
signature. The curve  = 12(m
2− )k2, for m;  xed, is a neutral curve in the (; k)
plane. For any xed non-zero k, as  passes through the neutral curve there is a
collision of pure imaginary eigenvalues of opposite "1 signature leading to instability.
The second sign "2 is associated with the energy flux. Write the energy density as
E(Z) = S(Z)− 12Ω (2)(Zx; Z);
cf. equation (4.13), and note that
@tS(Z) + @xΩ (2)(Zt; Z) = Ω (2)(Zxt; Z);
@tΩ (2)(Zx; Z) + @xΩ (2)(Zt; Z) = 2Ω (2)(Zxt; Z);
and therefore
@E
@t
+
@F
@x
= 0; F (Z) = 12Ω
(2)(Zt; Z);
that is, the energy flux F (Z) is related to the spatial symplectic structure. Evaluation
of the energy flux on the eigenspace results in
1
2Ω
(2)(Zt; Z) = −i!jzj2Ω (2)(; ) = 2!jzj2"2; (4.16)
that is, since ! > 0 by denition, the sign "2 corresponds to the sign of the energy
flux. Therefore, given two modes of opposite "1 sign, which undergo a collision of
pure imaginary eigenvalues leading to instability, there are two distinct scenarios.
Either the energy of the two modes spreads in the same direction ("2 signs dierent
for each mode) or the energy spreads in opposite directions ("2 sign the same for
each mode).
The above argument can also be made in terms of the group velocity. Dierentiate
(4.7) with respect to k:
[A− i!M − ikK]k = i!0(k)M + iK: (4.17)
Dening cg = −!0(k) and applying a solvability condition to (4.17) results in
−icgh;Mi+ ih;Ki = 0;
or (assuming "1 6= 0),
cg =
hK; i
hM; i =
2i"2
2i"1
=
"2
"1
;
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the sign of the energy flux in (4.16) has the equivalent representation
1
2Ω
(2)(Zt; Z) = 2!jzj2"1cg:
It is also possible for the case "(1)1 "
(2)
1 < 0 and "
(1)
2 "
(2)
2 > 0 (where the superscripts
indicate interaction of mode (1) and mode (2)) to lead to absolute instability . Tri-
antafyllou (1994) shows that, for a class of systems, including the Kelvin{Helmholtz
instability, opposite group velocity sign and instability through a collision of modes
of opposite energy sign, result in absolute instability. This property is easily shown
to be true for the model equation (4.1). Recall that a basic state is absolutely un-
stable if the dispersion relation has an unstable saddle point satisfying the pinching
condition. For the dispersion relation (4.8), when m = −1 and  > 0 there is an
unstable saddle point (where D = Dk = 0) with
k0 = −i

m2
m2 + 1
1=2
; and !0 = −i


m2 + 1
1=2
:
To verify the pinching condition, let ! = !0 + i with  real and negative. Then it
is easily veried that as  ! −1 the two k roots of D(!0 + i; k) = 0 split in such
a way that Im(k1) > 0 and Im(k2) < 0 as  ! −1. On the other hand, since the
pinching condition is a global property of the dispersion relation, it is necessary to
verify it in any particular case in order to establish absolute instability.
In summary, the signature family for waves in one space dimension provides two
signs. The rst sign is the classical signature of Hamiltonian systems and the second
sign gives useful information for tracking collisions of pure imaginary spatial expo-
nents as well as directional information about the flux of energy, and in some cases
provides information about the convective or absolute nature of temporal instability.
There are two immediate generalizations of this result that will be considered
here: the case of two space dimensions where the signature family has three compo-
nents and the directional spreading of an instability can be much more complicated.
Secondly the case of non-constant coecients will be considered in x5. The case of
non-constant coecients is important for the water-wave problem linearized about a
basic travelling wave state. In the case of non-constant coecients there is no longer
a unique denition for group velocity. Nevertheless the concept of signature carries
over and again provides information about directional spreading of an instability
(see x5).
The concept of signature family is generalized to linear Hamiltonian systems on a
multisymplectic structure, for the case of two space dimensions and time as follows.
The starting point for the theory is the class of systems of the form
MZt +KZx +LZy = AZ; Z 2 H  Rn; (4.18)
where M , K and L are arbitrary skew-symmetric operators on H, and A is
a symmetric operator on H. A normal mode solution of (4.18), Z(x; y; t) =
2 Re(zei(kx+‘y+!t)), satises
[A− i!M − ikK − i‘L] = 0;  2 Cn; (4.19)
with dispersion relation
D(!; k; ‘) = det[A− i!M − ikK − i‘L] = 0:
Since the determinant is invariant under transposition it follows that
D(!; k; ‘) = det[A−i!M−ikK−i‘L] = det[A+i!M+ikK+i‘L] = D(−!;−k;−‘):
Proc. R. Soc. Lond. A (1997)
A geometric formulation of the conservation of wave action 1383
Moreover
D(!; k; ‘) = det[A+ i!M + ikK + i‘L]
= det[A− i!M − ikK − i‘L] = D(!; k; ‘):
Therefore D has real coecients; if (!; k; ‘) satisfy D = 0 then so does (!; k; ‘) and
D(!; k; ‘) = D(−!;−k;−‘) implies that
D(!; k; ‘) = f(u1; u2; u3; u4; u5; u6);
where
u1 = !2; u2 = k2; u3 = ‘2; u4 = !k; u5 = !‘; u6 = k‘;
noting that u1u2 = u24, u1u3 = u
2
5 and u2u3 = u
2
6, which puts strong constraints on
the structure of the dispersion relation. Note that these properties of D(!; k; ‘) hold
for general systems of the form (4.18).
Dene a signature family by
"j =
1
2i
Ω (j)(; ); j = 1; 2; 3;
where  is an eigenfunction of (4.19) with !, k and ‘ real and
Ω (1)(U; V ) = hMU; V i; Ω (2)(U; V ) = hKU; V i; Ω (3)(U; V ) = hLU; V i;
where h ; i is an inner product on H.
The eigenfunction  can be normalized so that "1 = 1. When !, k, and ‘ are real
dene
c(1)g = −
@!
@k
; c(2)g = −
@!
@‘
:
Then the magnitude of "2 and "3 can be related to the components of the group
velocity. This can be seen as follows. Dierentiate (4.19) with respect to k:
[A− i!M − ikK − i‘L]k = −ic(1)g M + iK;
solvability requires
−ic(1)g h;Mi+ ih;Ki = 0; or c(1)g Ω (1)(; )− Ω (2)(; ) = 0;
equivalently c(1)g "1 = "2. A similar analysis shows that c
(2)
g "1 = "3. Therefore the
signature family takes the form: f"1; "2; "3g = "1f1; c(1)g ; c(2)g g and when two pure
imaginary modes of opposite "1 sign collide and become unstable the signs "2 and
"3 provide information about the directional transport of energy flux. The argument
in terms of the energy flux is established by noting that the energy conservation law
for (4.18) is Et + Fx +Gy = 0 with
E(Z) = 12 [hZ;AZi − Ω (2)(Zx; Z)− Ω (3)(Zy; Z)];
F (Z) = 12Ω
(2)(Zt; Z);
G(Z) = 12Ω
(3)(Zt; Z):
Restriction of F and G to the eigenspace of a simple normal mode shows that
sgn(F ) = sgn("2) and sgn(G) = sgn("3).
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5. Signature invariants and the instability of water waves
The classic water-wave problem|inviscid irrotational constant-density fluid with a
free surface and horizontal bottom|has a canonical symplectic structure (Zakharov
1968). Using the Zakharov symplectic structure, MacKay & Saman (1986) dened a
signature invariant for the governing equations linearized about a Stokes’s travelling
wave. Application of this signature invariant to large amplitude Stokes’s waves was
found to explain a number of previous numerical results on instabilities and lead to
the discovery of a new superharmonic instability. Signature has subsequently been
used to classify modes and predict instabilities for capillary waves (Hogan 1988) and
three-dimensional nite-amplitude waves (Ioualalen & Kharif 1993).
In this section the classic water-wave problem is reformulated as a Hamiltonian
system on a bisymplectic structure and a second signature invariant is introduced
for the governing equations linearized about a travelling wave state. Even though
the linearized equations have non-constant coecients, the second signature is well
dened and moreover its sign can be related to the sign of a suitably-dened energy
flux for the linearized equations.
The governing equations for the classic water-wave problem are as follows. The
velocity potential e satises Laplace’s equation in the fluid interior (0 < y < (x; t),
−1 < x <1). The normal velocity (y) is required to vanish at the bottom (y = 0)
and at the free surface the boundary conditions are
t + exx − ey = 0et + 12(e2x + e2y) + g − wx = 0
)
at y = (x; t);
where g (gravitational constant) and  (surface tension) are prescribed parameters
and w = x=
p
(1 + 2x). The water-wave equations can be transformed to a Hamil-
tonian system on a multisymplectic structure (cf. Bridges 1996, 1997). Here trans-
formed coordinates are chosen so that the operators M and K are constant; the
equations will be of the form
MZt +KZx = rS(Z); Z 2M: (5.1)
The vector-valued function Z is dened as follows:
Z =
0BBBBBB@


W

u
1CCCCCCA ; with
8><>:
(x; z; t) = e(x; z(x; t); t);
u(x; z; t) = ex(x; z(x; t); t);
(x; t) = (x; 1; t):
(5.2)
In the transformed coordinates the fluid lies in the region: fx 2 R, z 2 (0; 1)g; that
is z = y=. The dependent variable W is dened by
W (x; t) = w − 1

Z 
0
yexey dy = w − 1

Z 1
0
zuz dz: (5.3)
In terms of the above coordinates, the dierential two-forms associated with the
operators M and K are
Ω (1) = d ^ d;
Ω (2) = dW ^ d + R 10 dU ^ d dz;
)
(5.4)
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and S(Z) takes the form
S(Z) =
1
2
Z 1
0
(u2 − 2z) dz − 12g2 + (1−
p
1− w2); (5.5)
with w dened in terms of Z using (5.3).
For functions of the form (5.2) we dene the following inner product
hU; V i = U1V1 + U2V2 + U3V3 +
Z 1
0
(U4V4 + U5V5) dz: (5.6)
In terms of the inner product the dierential two-forms, (5.4), are
Ω (1)(U; V ) = hMU; V i; Ω (2)(U; V ) = hKU; V i; (5.7)
which also dene the operators K and M in (5.1). The gradient of S in (5.1) is also
dened with respect to the inner product (5.6). Using the denition of M , K and
S(Z), and writing out (5.1), recovers the governing equations for water waves (cf.
Bridges 1996, 1997). Note that the conservation law for action can immediately be
written down by substituting the pair of dierential two-forms, (5.4), into (3.11 a).
Here we are interested in dening a signature family for (5.1) linearized about a
Stokes’s periodic travelling wave. Therefore let Z^(; c) be any travelling wave solution
of (5.1) with  = x+ ct. Then Z^(; c) satises Z^( + L; c) = Z^(; c) and
JZ^ = rS(Z^); J = K + cM ; (5.8)
and the linearization of (5.8) about Z^ is
MZt + JZ = A()Z; with A() = D2S(Z^): (5.9)
Consider a normal-mode solution of (5.9) of the form
Z(; t) = 2 Re(z()ei(x+!t)); (5.10 a)
where, in order to dene a signature,  and ! are taken to be real (and, by con-
vention, positive). The function () is L periodic|same wavelength as the basic
state. Although (5.10 a) can be considered as a Floquet decomposition, this is not
necessary; the L periodicity of () can be taken as a hypothesis. The L-periodic
function () satises
A() − J = i!M + iJ: (5.10 b)
We are now in a position to dene a pair of signature invariants for the linearized
problem (5.9). Let
"1 =
1
2i
1
L
Z L
0
Ω (1)(; ) d; (5.11)
"2 =
1
2i
[Ω (2)(; ) + cΩ (1)(; )]: (5.12)
The sign "1 is equivalent to the signature in MacKay & Saman (1986). This can be
seen by reformulating (5.1) as a classical Hamiltonian system
MZt = rH(Z); with H(Z) =
Z L
0
[S(Z)− 12hKZx; Zi] dx: (5.13)
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The formulation (5.13) is pre-symplectic, but restriction of rH(Z) to the comple-
ment of the kernel of M recovers the Zakharov symplectic structure with symplectic
form
R L
0 d ^ d dx.
Note that integration over  is essential for the denition of "1, but the second
invariant "2 is dened without integration. This follows since
d
d
[Ω (2)(; ) + cΩ (1)(; )] =
d
d
hJ; iC =hJ; iC−h;JiC
=hA()−i!M−iJ; iC−h;A()−i!M−iJiC
=0;
since A() is symmetric, and M and J are skew symmetric.
We now argue that the sign of "2 gives directional information about spatial spread-
ing of an instability. Dene an ‘energy’ density for the linearized equation (5.9)
E(Z; ) = 12hA()Z;Zi − 12hJZ; Zi: (5.14)
The word energy is in quotes because E(Z; ) is rst, a perturbation quantity, and
second, it is boosted since J has a frame-dependent component cM .
However, even though E in (5.14) is  dependent, it leads to the following conser-
vation law:
@E
@t
+
@F
@
= 0; F = 12hJZt; Zi;
verication follows the previous argument leading to (4.16). The function F is anal-
ogous to an energy flux and restriction of F to the normal mode (5.10) results in
F = 12hJZt; Zi = −i!jzj2[Ω (2)(; ) + cΩ (1)(; )] = 2!jzj2"2: (5.15)
This leads to the following scenario for instability: if two modes of opposite "1 sign
collide and become unstable, the second signature "2 gives information about the
sign of a suitably-dened energy flux and hence directional information about spatial
spreading. The sign "2 would also provide information for tracking collisions of spatial
Floquet exponents.
It is tempting to further relate "2 to a group velocity but the concept of group
velocity is not uniquely dened for the linearization about a periodic travelling wave
(see Peregrine & Thomas 1979, x6). The relevant group velocity here would be an
energy based velocity (cf. Peregrine & Thomas 1979, equations (6.1){(6.2)). Suppose
(!; ) satisfy (5.10) and dierentiate (5.10) with respect to ,
A()− J d
d
− i!M − iJ

 = i!0()M + iJ: (5.16)
Considering (5.16) on a space of L-periodic functions, solvability requires
i!0()
1
L
Z L
0
hM; iC d + i 1
L
Z L
0
hJ; iC d = 0:
Therefore, dening cg = −!0() leads to
cg = "2="1 ("1 6= 0):
When numerical results for "1 signature are available it should be straightforward
to compute also the "2 signature. As far as we are aware, only "1 signature has been
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computed for water waves. Therefore the directional spreading of instabilities, due to
collision of modes of opposite "1 signature and the possible absolute (or convective)
nature of such instabilities is an open question. A generalization of the signature
family for (5.9) to two (horizontal) space dimensions is also possible; the analogue
of (5.9) would be
MZt + JZ +LZy = A()Z;
with L skew symmetric and generating a third signature invariant which would give
information about transverse propagation of instabilities.
6. Further examples
In this section two other examples are briefly considered: rotating shallow water
flow; and flow past a flexible wall. The object is to illustrate how each of these
systems can be reformulated as Hamiltonian systems on a multisymplectic structure
in which case the geometric formulation of action conservation, and signature family
for linearizations, are immediately applicable. For rotating shallow water flow we
interpret recent results of Hayashi & Young (1987) using energetics in terms of the
(multi)symplectic formulation. Flow past a compliant wall is an intriguing problem
because of the many types of instabilities that may arise (see Carpenter 1990 for a
review). Here we reformulate the linearized equations for an inviscid model due to
Thomas & Craik (1988).
(a ) Rotating shallow-water equations
The classication of modes by energy sign has been used to analyse instabilities
observed in rotating shallow-water shear flow on an equatorial -plane (cf. Griths et
al. 1982; Hayashi & Young 1987 and references therein). In this section the governing
equations for a single layer with a moving front on an equatorial -plane are formu-
lated as a Hamiltonian system on a multisymplectic structure and the instabilities
interpreted in terms of the family of signature invariants of x3.
The non-dimensional system of equations is
ut + uux + vuy − yv + hx = 0;
vt + uvx + vvy + yu+ hy = 0;
ht + (uh)x + (vh)y = 0;
9>=>; (6.1)
(cf. Hayashi & Young 1987, x2.1) where x and y lie in the innite strip: x 2 R and
y1 6 y 6 y2. These equations have a formulation as a Poisson system with the energy,
E =
R R
[12h(u
2+v2)+ 12h
2] dxdy, as Hamiltonian function (cf. Salmon 1988). However
this formulation requires a specication of the function space in the (unbounded) x
direction. Here a new formulation of the equations (6.1), as a Hamiltonian system
on a bisymplectic structure, is given, where the function class in the x direction need
not be specied.
An interesting special case of (6.1) is that of frozen potential vorticity q (cf. Grif-
ths et al. 1982, x3; Hayashi & Young 1987, x3). For this class of flows the velocity
eld can be decomposed as follows
u = x + 12ry
2; and v = y − 12xy: (6.2)
For this velocity eld vx − uy = −y and so q def= h−1(y + vx − uy) = 0. Substitution
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of the velocity eld, (6.2), into the rst two equations of (6.1) leads to a Bernoulli
equation
t + 12(
2
x + 
2
y) + h+
1
2ry
2x − 12xyy + 18x2y2 + 132y4 = R(t);
where R(t) is some (Bernoulli) function of time.
Introduce the set of dependent variables
Z =
0BBBB@
h
Q1
Q2

1CCCCA ; where Q1 = uh; and Q2 = vh: (6.3)
Then we will show that the system (6.1) can be formulated as follows:
MZt +KZx = rS(Z); Z 2 H (6.4)
where
M =
0BBBB@
0 0 0 1
0 0 0 0
0 0 0 0
−1 0 0 0
1CCCCA ; K =
0BBBB@
0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0
1CCCCA ; (6.5)
and
S(Z) =
Z y2
y1

R(t)h− 12h2 +
1
2h
(Q21 +Q
2
2) +
1
2xyQ2 − 12ry2Q1 −Q2y

dy: (6.6)
Introduce the following inner product on H:
[U; V ] =
Z y2
y1
hU(y; ); V (y; )i dy; for any U; V 2 H; (6.7)
where h ; i is the standard Euclidean inner product on R4. The space H can be
formalized as a Hilbert space but such technicalities will not be necessary here. It is
easily veried that the operators M and K are formally skew-symmetric operators
on H. It remains to verify the expression for rS(Z) and show that the system (6.4),
when written out, recovers (6.1).
The gradient of S(Z), with respect to the inner product (6.7), is
rS(Z) =
0BBBB@
S=h
S=Q1
S=Q2
S=
1CCCCA =
0BBBB@
R(t)− h− (Q21 +Q22)=(2h2)
Q1=h− 14y2
Q2=h+ 12xy − y
(Q2)y
1CCCCA : (6.8)
Therefore, using (6.5), (6.8) and writing out (6.4), we nd
t = R(t)− h− (Q21 +Q22)=(2h2); x = Q1=h− 12ry2;
0 = Q2=h+ 12xy − y; −ht − (Q1)x = (Q2)y:
The rst equation recovers Bernoulli’s equation, the second and third recover the
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denition (6.2) and the fourth equation corresponds to mass conservation. The dif-
ferential two-forms associated with M and K are
Ω (1) =
Z y2
y1
dh ^ d dy; and Ω (2) =
Z y2
y1
dQ1 ^ d dy: (6.9)
We now take (6.4) as a starting point and consider a zonal basic state of the
following form
Z^
def=
0BBBB@
h^
Q^1
Q^2
^
1CCCCA ; with
(
h^ = 18(1− y2)(y2 − 1 + 4r);
^ = (r − 12)x+ 14xy2;
where r is related to the Bernoulli constant; that is, h^+ 12Q^
2
1=h^
2 = 12r
2. It follows
from the denitions that
u^ = ^x + 14y
2 = r + 12(y
2 − 1); Q^1 = u^h^;
v^ = ^y − 12xy = 0; Q^2 = v^h^ = 0:
The linear stability problem for this basic state is obtained by linearizing (6.4)
about Z^ or
MZt +KZx = D2S(Z^)Z;
where
D2S(Z^) =
0BBBB@
−1 + u^2=h^ −u^=h^ 0 0
−u^=h^ 1=h^ 0 0
0 0 1=h^ −@y
0 0 @y 0
1CCCCA :
With the normal-mode ansatz:
Z(x; y; t) = Re[Z(y)ei(kx−!t)]; where Z =
0BBBB@
h
Q1
Q2

1CCCCA ;
the eigenvalue problem for the stability exponent ! is
[D2S(Z^)− ikK + i!M ]Z = 0: (6.10)
Writing out (6.10) leads to
h = −ik(u^− c); Q1 = −ik(u^2 − h^− cu^); Q2 = h^()y; (6.11)
with c = !=k and
(h^()y)y − k2(h^− (u^− c)2) = 0; (6.12)
which is precisely equation (3.4) of Grith et al. (1982) and equation (3.10) of
Hayashi & Young (1987).
Now we apply the theory of x3 to determine the signature invariants. The rst
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signature invariant is dened by
2i"1 = [MZ; Z] =
Z y2
y1
hMZ; Zi dy = h− h;
or using (6.11),
"1 = Im

− ik
Z y2
y1
(u^− c)jj2 dy

:
Since, by denition, when computing the signature invariants, ! and k are real, the
expression for "1 reduces to
"1 = −k
Z y2
y1
(u^− c)jj2 dy:
Since the basic state is time independent, the sign of "1 has the same sign as the
energy. Therefore "1 is the signature invariant that plays a central role in the analysis
of Hayashi & Young (1987). However, there is a second invariant in this case which
is easily computed. By denition
2i"2 = [KZ; Z] =
Z y2
y1
hKZ; Zi dy = Q1 − Q1;
or, using (6.11) and the property that ! and k are real,
"2 = −k
Z y2
y1
[u^2 − cu^− h^]jj2 dy:
Equivalently, when h^()y vanishes at y1 and y2,
"2 = c"1 − 1
k
Z y2
y1
h^jyj2 dy: (6.13)
Since cg = "2="1 we have immediately that
sgn(c− cg) = sgn("1); (6.14)
that is, negative (positive) energy waves have phase velocity slower (respectively
faster) than the group velocity. Noting that k dc=dk = cg − c, the expression in
(6.14), is another derivation of the result in Hayashi & Young (1987, p. 500, footnote).
Further analysis would be necessary to determine if the "2 signs (for two colliding
modes of opposite "1 sign) are the same sign or opposite sign.
(b ) Free surface flow past a flexible surface
The flow past a flexible boundary is of interest as a model for compliant coat-
ings, sand transport and sh propulsion, for example. The flexible boundary and its
interaction with a free surface leads to an array of dierent types of instabilities,
which are not completely understood (cf. Carpenter 1990). Here the recent formula-
tion of Thomas & Craik (1988), for inviscid flow with a free surface past a flexible
boundary will be reformulated as a Hamiltonian system to illustrate how the family
of signature invariants apply to this problem.
Although the complete nonlinear problem can be formulated as a Hamiltonian
system, here we will restrict attention to the linearized equations. Following notation
in Thomas & Craik (1988), the linearized equations are as follows. The fluid is taken
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to be inviscid and irrotational and it occupies the strip: x 2 R and 0 < y < h.
The free surface (x; t) is linearized at y = h and the flexible boundary (x; t) is
linearized at y = 0. There is a basic uniform current of speed U . The governing
equations are Laplace’s equation for , the velocity potential, in the interior, with
boundary conditions
t + Ux − y = 0
t + Ux + g − wx = 0
)
at y = h; (6.15)
where w = x and
t + Ux − y = 0
t + Ux + g − 1(mtt + S − Fxx) = 0
)
at y = 0; (6.16)
where g (gravity),  (interfacial tension) and  (fluid density) are given parameters
and m, S and F are given positive parameters corresponding to properties of the
flexible boundary.
The governing equations and boundary conditions can be reformulated as
MZt +KZx = rS(Z); Z 2 H; (6.17)
where H consists of functions of the form
Z =
0BBBBBBBBBBBBBBBB@



u
w
Ψ

q
p
1CCCCCCCCCCCCCCCCA
; where
8>>>>>>>>><>>>>>>>>>:
 = jy=h
u = x
w = x
Ψ = jy=0
q = x
p = t
9>>>>>>>>>=>>>>>>>>>;
: (6.18)
An inner product for nine-component functions U; V 2 H is
hU; V i = U1V1 + U2V2 +
Z h
0
(U3V3 + U4V4) dy +
9X
j=5
UjVj :
The skew-symmetric (with respect to h ; i) operators K and M are
M =
0BBBBBBBBBBBBBBBB@
0 −1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 −1 0 0 (m=)
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −(m=) 0 0
1CCCCCCCCCCCCCCCCA
;
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K =
0BBBBBBBBBBBBBBBB@
0 −U 0 0 0 0 0 0 0
U 0 0 0 − 0 0 0 0
0 0 0 −1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0  0 0 0 0 0 0 0
0 0 0 0 0 0 U 0 0
0 0 0 0 0 −U 0 −(F=) 0
0 0 0 0 0 0 (F=) 0 0
0 0 0 0 0 0 0 0 0
1CCCCCCCCCCCCCCCCA
;
and the (quadratic) functional S(Z) takes the form
S(Z) = 1
2
Z h
0
(u2 − 2y) dy − 12g2 − 12(S=− g)2 + 12Fq2=+ 12w2 − 12mp2=:
Writing out MZt +KZx = rS(Z), it is easily veried that (6.17) (along with the
side conditions jy=h =  and jy=0 = Ψ) recovers the equations and boundary
conditions.
The dierential two-forms associated with M and K are
Ω (1) = d ^ d + dΨ ^ d + m

d ^ d;
Ω (2) = Ud ^ d + dw ^ d +
Z h
0
du ^ d dy + UdΨ ^ d + F

dq ^ d:
A normal-mode ansatz Z = 2 Re(ei(kx−!t)), when substituted into (6.17), leads
to the eigenvalue problem
[A− i!M − ikK] = 0;
and the dispersion relation
D(!; k) = D1(!; k)D2(!; k)− 2;
where
D1(!; k) = (! − Uk)2 − (gk + k3) tanh kh;
D2(!; k) = (m=)k(!2 − c2ok2)− (1=)(S − g)k + (! − Uk)2 tanh kh; c20 = F=m;
and
2 = (! − Uk)2(gk + k3) sech2 kh;
recovering the dispersion relation in Thomas & Craik (1988, equation (18)). The
advantage of the present geometric formulation is that the symplectic operators M
and K provide further information through the signature family. In particular,
2i"1 = Ω (1)(; ); and 2i"2 = Ω (2)(; );
for any normal mode solution with ! and k real.
This problem has an interesting array of dierent instabilities and the analysis
of Thomas & Craik (1988) has only scratched the surface. The (multi)symplectic
formulation provides a framework for classifying temporally (energy sign "1) and
spatially (energy flux sign "2) unstable modes. Further analysis of this problem,
including aspects of the nonlinear problem, will be considered elsewhere.
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7. Concluding remarks
The concepts of action, action flux and signature have been formulated geomet-
rically for Hamiltonian PDEs. A new geometrical formulation of the conservation
of wave action for linear and nonlinear Hamiltonian PDEs has been presented as
well as an extension of the theory of signature to include ‘spatial signatures’. When
the energy flux is well dened, the new signatures are shown to be related to the
signs of the components of energy flux. The signature family is also relevant to the
case where the coecients in the PDE are non-constant. The theory was applied to
several examples: Boussinesq equations; water waves; rotating shallow water flow;
and flexible flow past a flexible surface. It was shown that a form of action conserva-
tion also holds for (linearized) non-conservative systems including the Navier{Stokes
equations.
An intriguing question is the eect of weakly non-conservative eects on instabil-
ities. For nite-dimensional Hamiltonian systems it is known that dissipative per-
turbation of negative energy modes may lead to dissipation-induced instabilities; see
MacKay (1991), Bloch et al. (1994) and Maddocks & Overton (1995) and references
therein for various results in this direction. The dissipative perturbation of negative
energy waves is also known to cause instabilities (cf. Cairns 1979). Therefore a nat-
ural question is the eect of dissipative perturbations|or non-conservative spatial
inhomogeneities|on modes with positive or negative energy flux signs. The question
is complicated by the fact that there can be perturbations that break the temporal
symplectic structure but preserve the spatial symplectic structure and vice versa.
Nevertheless, the interesting structure that appears in the perturbation of negative
energy modes in classical Hamiltonian systems will be compounded for systems that
have a spatial and temporal symplectic structure, as well as normal modes with
various combinations of signs.
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